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In recen t y ears, computer pro cessors ha v e v astly outstripp ed adv ances

in memory c hips' abilities to read or write data. Sup erior use of memory

hierarc hies, where eac h lev el's memory is referred to as a cac he, leads to

dramatically faster co des.

Cac he a w are solv ers for (coupled) partial di�eren tial equations are no w

absolutely essen tial to ac hieving an ything other than p o or p erformance when

measured against p ossible p eak p erformance �gures conjured up b y v endors.

W e describ e a set of tec hniques to ac hiev e a resp ectable p ercen tage of p eak

p erformance. Some of these tec hniques are utterly in v asiv e and should b e

left to soft w are library writers. Others can b e added to an existing co de in

a matter of min utes.

Not long ago, cac he exp erts b eliev ed that p ortable, cac he a w are algo-

rithms w ere a m yth. F olklore said that only b y using ev ery last detail of the

CPU and its memory hierarc h y could a fast, cac he a w are algorithm b e de-

signed. Times ha v e c hanged: CPU's are ev en faster and memory subsystems

still run at ab out the same sp eed, alb eit cac hes are somewhat larger no w.

Users who main tain a collection of p ortable algorithms in their co de p ort-

folios ha v e suddenly disco v ered they are cac he w ealth y on a wide v ariet y of

platforms, from laptops and PC's to sup ercomputers.
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This article giv es an o v erview of ho w t w o co op erativ e researc h groups

solv e partial di�eren tial equation problems using (primarily) iterativ e, m ul-

tilev el, cac he a w are algorithms. The cac he a w are algorithms discussed here

pro vide bit wise iden tical results to standard implemen tations. This means

that t w o implemen tations, one cac he a w are and one using standard form, can

b e compared. If the norm of the di�erence of the t w o computed solutions is

not iden tically zero, then there is a bug in the cac he a w are implemen tation.

In addition, the con v ergence rates of our cac he a w are iterativ e metho ds are

iden tical to standard ones (see [4] and [7]).

W e b egin with a tutorial on ho w computers w ork. W e con tin ue with some

simple, constan t co e�cien t, matrix free problems and metho ds. Finally , w e

end up with v ariable co e�cien t, coupled PDE's on unstructured grids. While

w e concen trate on t w o-dimensional problems in this article, w e note that w e

ha v e three-dimensional solv ers and are in the pro cess of creating parallel

v ersions.

Hyp erlinks to our individual cac he a w are algorithm researc h pro jects are

pro vided through MGNet [3] at http://www.mgnet.org/ .

Pro cessors and memory subsystems

A computer's cen tral pro cessing unit (CPU) p erforms the n umerical and

logical calculations when a program is executed. The data for the CPU is

stored in main memory . When the CPU requires data that it do es not already

ha v e, it mak es a request to memory .

Computers ha v e b een getting faster and faster o v er the y ears while the

memory c hips that are used to store data ha v e b ecome only marginally faster.

Sadly , curren t CPU's can p erform n umerical op erations m uc h faster than

memory can deliv er data, whic h leads to fast CPU's b eing idle most of the

time. This situation is wh y v endors' claims of p eak CPU sp eeds are held

in the same high regard as statemen ts made b y p oliticians or sellers of used

cars or insurance p olicies.

Man y hardw are and soft w are strategies exist to reduce the time that a

CPU is w aiting for data. The most common hardw are strategy (in recen t

y ears) is to divide computer memory in to a hierarc h y of di�eren t la y ers with

the CPU link ed directly to the highest lev el (see Figure 1(a)). These la y ers

are referred to as the cac he or the memory subsystem [5, 6].

Cac he is fast, exp ensiv e memory that replicates a subset of data from

main memory . The purp ose of cac he is to pro vide data to the CPU faster
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(a) Memory hierarc h y .

Lev el clo c ks

register 1

L1 cac he 2{3

L2 cac he 6{12

near main memory 60{100

far main memory 100{250

distributed main memory O (100)

message-passing O (1000){ O (10000)

(b) Clo c k sp eeds.

Figure 1: Memory hierarc h y and sp eeds [1].

than main memory can. The goal is to ha v e the CPU less idle when cac hed

data is used.

Cac hes are motiv ated b y t w o principles of lo calit y; in time and space.

The principle of temp oral lo calit y states that data required b y the CPU

no w will also b e necessary again in the near future. The principle of spatial

lo calit y states that if sp eci�c data is required no w, its neigh b oring data will

b e referenced so on.

The cac he is itself a hierarc h y of lev els, called L1, L2, . . . , eac h with a

di�eren t size and sp eed. One or t w o lev els of cac he is t ypical. The L1 cac he

is smaller and 2{6 times faster than the L2 cac he. The L2 cac he in turn is

smaller than main memory but is 10{40 times faster than main memory (see

Figure 1(b)).

The data held in an y lev el of cac he is a subset of the data held in the

next larger lev el on all pro cessors that w e consider in this article, though

there are some exceptions. The smallest blo c k of data mo v ed in and out of

a cac he is a cac he line. A cac he line holds data whic h is stored con tiguously

in main memory . A t ypical cac he line is 32, 128, or 256 b ytes in length, with
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32 b eing most common.

If the data that the CPU requests is in a cac he, it is called a cac he hit.

Otherwise it is a cac he miss and data m ust b e copied from a lo w er lev el (i.e.,

a slo w er) of memory in to a cac he. The hit rate is the ratio of cac he hits to

total memory requests. The miss rate is one min us the hit rate.

W e clearly w an t to maximize the n um b er of cac he hits since cac he is

faster than main memory in ful�lling the CPU's memory requests. In de-

signing algorithms to maximize cac he hits, w e m ust �rst decide whic h cac he

to optimize for. Man y CPU's ha v e a small L1 cac he of only 8{96 KB, whic h

is usually to o small for 3D sim ulations in v olving coupled partial di�eren tial

equations. Most computers ha v e a larger L2 cac he, whic h w e tailor our al-

gorithms for. An exception is the HP P A series of CPU's, whic h no w ha v e a

large, on-CPU L1 cac he (e.g., 1.5 MB on the P A-8500), but no L2 cac he.

Cac hes on an y lev el ma y b e uni�ed or split. Uni�ed cac hes mix b oth

computer instructions and data. Split cac hes are t w o separate cac hes with

instructions in one and data in the other. Split cac hes are sup erior to uni�ed

ones since the hit ratio tends to b e m uc h b etter for instructions than in

uni�ed cac hes. Additionally , there is less p ossibilit y for cac he thrashing, a

concept w e will de�ne shortly .

There is a �nal issue with cac hes that is quite subtle and leads to cac hes

exhibiting nondeterministic b eha vior. Programs are loaded in to memory us-

ing a virtual addressing sc heme. A programmer thinks of memory as a linear

space with addressing b eginning at zero. In realit y the program is loaded

in to a set of ph ysical memory pages that are neither con tiguous nor linear.

A translation sc heme is used from virtual memory addresses to ph ysical mem-

ory addresses using hardw are. Almost all cac hes use the ph ysical address, not

the virtual address, to determine where in a cac he a piece of memory should

b e copied. Since running a program t wice usually means that it is loaded in to

di�eren t ph ysical memory pages, the cac he e�ects are rarely repro ducible.

Memory to cac he mappings

In order to service CPU requests e�cien tly the memory subsystem m ust b e

able to determine whether requested data is presen t in a cac he and where in

the cac he that data resides.

The oldest metho d is the direct mapp ed cac he. The lo cation in cac he

is determined using the remainder of the (ph ysical) main memory address

divided b y the cac he size:
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cac he address = (main memory address) mo d (size of cac he)

Sev eral addresses in the cac he are lo cated in the same cac he line.

Hence, there is only one lo cation in cac he that a giv en main memory

address can o ccup y . T raditionally , the n um b er of lines, N , in cac he is alw a ys

a p o w er of t w o, so that the remainder op eration is equiv alen t to taking the

last log
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( N ) bits of the main memory address. The set bits are the last bits

of the main memory address corresp onding to the cac he address. The tag

bits are the remaining bits of the main memory address. The set bits of a

request determine where in cac he to lo ok, and the tag bits determine whether

a matc h o ccurs.

Another hardw are cac he tec hnique is n -w a y set asso ciativit y , whic h maps

memory to n \w a ys," or segmen ts, inside a cac he. A giv en memory address

could b e placed in an y of the n segmen ts of the cac he. (A direct mapp ed

cac he corresp onds to a 1-w a y set asso ciativ e cac he.) A p olicy for deciding in

whic h \w a y" a piece of data should b e stored is required for set asso ciativ e

cac hes. There are three common algorithms for c ho osing in whic h \w a y" a

cac he line should b e placed: least recen tly used (LR U), least frequen tly used

(LFU), and random replacemen t. These are called replacemen t p olicies since

when a cac he line is placed in to cac he it replaces a cac he line that is already

there.

Accessing memory on a memory c hip is determined b y passing an address

through a small collection of AND, OR, and X OR gates. A cac he can b e

considerably more complex since it m ust ha v e logic to cop y or replace a

collection of memory lo cations from main memory , all of whic h tak es time.

LR U cac hes trac k ho w long ago cac he lines w ere referenced. LFU cac hes

trac k ho w often cac he lines ha v e b een referenced. F or man y PDE algorithms,

LR U cac hes tend to pro vide the b est p erformance. Ho w ev er, b oth of these

algorithms are exp ensiv e to implemen t in hardw are.

The random replacemen t p olicy is v ery p opular with computer arc hitects:

It is relativ ely inexp ensiv e and studies sho w that it is almost equiv alen t to

LR U (see [5] and its references). One can only w onder what problems w ere

studied since they ob viously did not in v olv e solving PDE's.

In a fully asso ciativ e cac he an y data can o ccup y an y lo cation in cac he.

This is an n -w a y set asso ciativ e cac he, where n is the n um b er of lines in

cac he, i.e., eac h w a y is exactly one line of cac he. The hardw are required for
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this t yp e of cac he is prohibitiv ely exp ensiv e in comparison to the other t yp es

of cac hes already discussed [6].

One dra wbac k of a direct mapp ed cac he is the p ossibilit y that sev eral

commonly used data items will map on to the same cac he address. Consider

the follo wing co de fragmen t:

1: for i = 1 ; n do

2: C ( i ) = A ( i ) + B ( i )

3: end for

Supp ose that A , B , and C eac h map to the same cac he lo cations. Then

eac h reference to A ( i ), B ( i ), or C ( i ) causes the same cac he line to b e used.

The cac he line is constan tly emptied and re�lled causing cac he thrashing.

Hence, in terms of the memory latency time L , the cost of running the co de

fragmen t is at least nL .

There are t w o simple �xes to this example. First, the v ectors can b e

padded b y a small m ultiple of the cac he line length (common paddings are

128 or 256 b ytes indep enden t of whether or not they are go o d v alues). This is

hardly p ortable, ho w ev er, since the correct size of a padding is v ery mac hine

dep enden t. The second �x is to c hange the data structure to com bine A , B ,

and C in to a single arra y . Then the co de fragmen t b ecomes;

1: for i = 1 ; n do

2: r (3 ; i ) = r (1 ; i ) + r (2 ; i )

3: end for

In this case, w e assume that the v ector elemen ts are in adjacen t memory

lo cations. This reduces the n um b er of cac he misses b y appro ximately a factor

of three on an y of the cac he designs discussed, and it is highly p ortable.

Memory can b e arranged in to memory banks. Eac h bank con tains man y

memory c hips and an addressing mec hanism. All banks can b e accessed

sim ultaneously , pro viding parallel access to memory . Man y computers from

the 1960's on had this feature, whic h allo ws for memory to b e accessed in a

\v ector st yle."

F or example, supp ose that the CPU requests four w ords of data that are

stored in one bank of memory . The p enalt y just for retrieving the data from

memory is 4 L , where L is the resp onse time (or latency) of the memory . This

latency o ccurs b ecause the w ords are retriev ed one at a time. No w supp ose

the memory is divided in to 4 banks, and one w ord is in eac h bank. The
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dela y due to memory latency is no w L b ecause the banks retriev e the data

sim ultaneously .

Man y algorithms using v ectors of data op erate on sequen tial v ector ele-

men ts. These algorithms are kno wn as stride-1 algorithms. They w ork w ell

with memory banks. Ho w ev er, some algorithms w ork with ev ery m -th v ector

elemen t (stride- m algorithms). If there are m memory banks, the stride- m

algorithms once again pro duce slo w memory access with N L latency , where

N is the n um b er of v ector accesses, since all accessed v ector elemen ts are in

the same memory bank.

Common strategies to enhance cac he p erformance

There are sev eral widely used strategies for enhancing cac he p erformance.

All strategies try to a v oid CPU stalls. Stalling is de�ned as p erio ds when

the CPU is idle b ecause necessary data is not immediately a v ailable.

Prefetc hing brings data in to cac he b efore the CPU actually needs it.

Th us, prefetc hing is a metho d for reducing the e�ect of memory latency .

Cac he lines longer than one w ord are one example of prefetc hing. When data

is brough t in to cac he, surrounding data accompanies it. If the data exhibits

spatial lo calit y , then the surrounding data has e�ectiv ely b een prefetc hed.

Prefetc hing satis�es CPU requests at the sp eed of cac he instead of slo w er

memory . Prefetc hing can b e accomplished with compiler 
ags, programmer

in terv en tion, or b y hardw are.

Prefetc hing is particularly e�ectiv e within lo ops. It is, unfortunately ,

highly mac hine dep enden t and therefore not p ortable. F or example, consider

the follo wing co de fragmen t:

1: (in terv ening co de)

2: for i = 1 ; n do

3: A ( i ) = A ( i ) + � � B ( i )

4: (more in terv ening co de)

5: D ( i ) = D ( i ) + 
 � C ( i )

6: (y et more in terv ening co de)

7: end for

Assume that the in terv ening co de dep ends on data already in cac he. On

iteration i it ma y b e p ossible to bring A ( i + 1), B ( i + 1), C ( i + 1) and

D ( i + 1) in to cac he b efore the CPU needs them b y means of explicit prefetc h

instructions.
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1: PREFETCH A (1), B (1), and �

2: (in terv ening co de)

3: for i = 1 ; n do

4: A ( i ) = A ( i ) + � � B ( i )

5: PREFETCH C ( i ) and D ( i )

6: (more in terv ening co de)

7: C ( i ) = C ( i ) + 
 � D ( i )

8: PREFETCH A ( i + 1) and B ( i + 1)

9: (y et more in terv ening co de)

10: end for

Prefetc hing is often used with soft w are pip elining. Pip elining breaks com-

plex calculations in to simpler steps. A common analogy is that of an assem bly

line. The result of a simple calculation is input for the next simple calcula-

tion. Although this do es not sp eed up one calculation, it can sp eed up the

same calculation rep eated man y times.

Pip elining can b e implemen ted either b y hardw are (as in man y RISC

pro cessors) or b y soft w are. In the latter case, lo ops are unrolled and complex

calculations are brok en in to v ery simple steps. Pip elining also helps hide

memory latency since calculations o ccur at the same time as data is fetc hed

from main memory .

Consider the follo wing co de fragmen t illustrating a scalar m ultiply and

add (SAXPY):

1: for i = 1 ; n do

2: A ( i ) = A ( i ) + 
 � B ( i )

3: end for

Pro vided that the CPU supp orts pip elining (i.e., it has sev eral indep enden t

arithmetic units), a go o d compiler can generate pip elined co de. In executing

suc h co de, one arithmetic unit p erforms the scalar m ultiply while the other

unit p erforms an addition. Once the pip eline has b een �lled, a SAXPY op er-

ation is completed at eac h cycle. Hence, the time to complete the op eration

is the time to load the pip eline (arithmetic units) plus n , the length of v ec-

tor A . The programmer can pro vide a hin t to the compiler b y breaking the

SAXPY in to t w o simpler op erations.

1: for i = 1 ; n do

2: t = 
 � B ( i )
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3: A ( i ) = A ( i ) + t

4: end for

Some CPU's can p erform out-of-order execution. The pro cessor trac ks

data dep endencies of the instruction queue and marks whic h instructions are

ready to run. If an instruction is blo c k ed, but another is ready to run, then

the latter is executed immediately . This is particularly useful in short lo ops

on v ectors.

P adding has already b een men tioned as one metho d for a v oiding cac he

thrashing. An arra y is lengthened b y adding a small n um b er of extra ele-

men ts, usually the amoun t in one cac he line. This forces arra ys that originally

thrashed the cac he to map to di�eren t cac he addresses. Stride-1 access to

arra ys enhances spatial lo calit y , since bringing one arra y elemen t in to cac he

also brings in neigh b oring arra y elemen ts that are on the same cac he line.

Lo ops are blo c k ed b y reordering data access so that the n um b er of accesses

is minimized. The reordering dep ends on b oth the data and cac he sizes. A

b ene�cial result is reusing data in cac he man y times. F or example, matrix{

matrix m ultiplication is blo c k ed to enhance p erformance in v endor-supplied

libraries. The A TLAS pro ject [2 ] is a n umerical linear algebra pac k age whic h

relies extensiv ely on blo c king to tune the Basic Linear Algebra Subroutines

(BLAS) automatically .

Epilogue

In the second part of this article, that will app ear in the next issue of SIAM

News , w e will co v er the tec hniques that will exploit cac he for b oth logically

tensor pro duct grid based problems as w ell as the more c hallenging v ariable

co e�cien t, unstructured grid problems.
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