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Abstract

Computers to da y rely hea vily on go o d utilization of their cac he

memory subsystems. Compilers are optimized for business applica-

tions, not scien ti�c computing ones, ho w ev er. Automatic tiling of

complex n umerical algorithms for solving partial di�eren tial equations

is simply not pro vided b y compilers. Th us, absolutely terrible cac he

p erformance is a common result.

Multigrid algorithms com bine sev eral n umerical algorithms in to a

more complicated algorithm. In this pap er, an algorithm is deriv ed

that allo ws for data to pass through cac he exactly once p er m ultigrid

lev el during a V cycle b efore the lev el c hanges. This is optimal cac he

usage for large problems that do not �t en tirely in cac he.

KEYW ORDS: m ultigrid, cac he, threads, sparse matrix, iterativ e metho ds,

domain decomp osition, compiler optimization.

1 In tro duction

Multigrid metho ds are widely kno wn as the fastest metho ds for solving elliptic

partial di�eren tial equations. This b elief w as deriv ed when computers w ere

designed v ery di�eren tly than to da y . Accessing one w ord of data to ok a set

amoun t of time due to computers ha ving one lev el of memory .

Since the early 1980's, pro cessors ha v e sp ed up 5 times faster p er y ear

than memory . Multilev el memories, using memory c aches w ere dev elop ed

to comp ensate for the unev en sp eed ups in the hardw are. Essen tially all
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Figure 1: Simple grid with red p oin ts mark ed

computers to da y , from laptops to distributed memory sup ercomputers use

cac he memories to k eep the pro cessors busy .

By the term cac he, w e mean a fast memory unit closely coupled to the

pro cessor. In the in teresting cases, the cac he is further divided in to a great

man y c ache lines , whic h hold copies of con tiguous lo cations of main memory .

The cac he lines ma y hold data from quite separate parts of main memory .

Tiling is the pro cess of decomp osing a computation in to smaller blo c ks

and doing all of the computing in eac h blo c k one at a time. Tiling is an

attractiv e metho d for impro ving data lo calit y . In some cases, compilers can

do this automatically . Ho w ev er, this is rarely the case for realistic scien ti�c

co des. In fact, ev en for simple examples, man ual help from the programmers

is, unfortunately , necessary .

Language standards in terfere with compiler optimizations. Due to the

requiremen ts ab out lo op v ariable v alues at an y giv en momen t in the compu-

tation, compilers are not allo w ed to fuse nested lo ops in to a single lo op. In

part, it is due to co ding st yles that mak e v ery high lev el co de optimization

(nearly) imp ossible [11 ].

Before transforming the standard Gauss-Seidel algorithms in to cac he a w are

v ersions, let us de�ne t w o op erations for up dating the appro ximate solution

on either one or t w o ro ws of a grid:

U pdate ( ro w, color [, direction] )

and

U pdateR edB l ack ( ro w, [, direction] )

W e implicitly assume that b oth U pdate and U pdateR edB l ack only compute

on ro ws that actually exist.
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Standard Cac he a w are

1. Do j = 1 ; N 1. U pdate (1, red).

1a. U pdate ( j , red). 2. Do j = 2 ; N

2. Do j = 1 ; N 2a. U pdateR edB l ack ( j ).

2a. U pdate ( j , blac k). 3. U pdate ( N , blac k).

Figure 2: Standard and cac he a w are Gauss-Seidel

The op eration U pdate do es a Gauss-Seidel up date in eac h of the columns

of a single ro w in the grid. The color is one of red, blac k, or all. The direction

is optional and can b e natural or rev erse. The natural order is assumed unless

a direction is giv en. Hence, symmetric Gauss-Seidel is easily implemen ted.

The op eration U pdateR edB l ack op erates on all of the red p oin ts ( x

i

; y

j

)

in ro w j of the grid and on all of the blac k p oin ts ( x

i

; y

j � 1

) in the preceding

ro w j � 1 (the up dates are paired). The � dep ends on the c hoice of direction.

This fuses the red-blac k calculation so that w e do a red-blac k ordered Gauss-

Seidel with only one sw eep across the grid instead of the standard t w o passes.

The up date op erations can b e mo di�ed for SOR, SSOR, or ADI relaxation

metho ds. Within the up date op erations w e can further optimize the pro cess

b y including Linpac k st yle optimizations lik e lo op unrolling to get 2 � 7

up dates p er iteration through the lo op.

Some of the motiv ation b ehind this pap er can b e summarized in a simple

example. Consider the grid in Figure 1, where the b oundary p oin ts are

included in the grid. Both standard and cac he a w are algorithms for the

red-blac k ordered Gauss-Seidel iteration are giv en in Figure 2.

Eac h iteration of the standard algorithm, all of the data passes through

the cac he t wice. Hence, with a small c hange in the algorithm's implemen ta-

tion, the data only passes through cac he once. Unfortunately , no compiler

for commonly used languages (e.g., F ortran, C, or C++) seems to exist that

can optimize the �rst form of the red-blac k ordered Gauss-Seidel algorithm

automatically in to the second form.

Multigrid algorithms com bine a n um b er of op erations in order to w ork.

These include iterativ e metho ds (t ypically relaxation metho ds), residual com-

putation, pro jection of residuals on to a coarser grid, and in terp olation of

corrections on to a �ner grid. These are t ypically programmed as separate

routines, whic h mak es the comp onen ts easy to replace and mo dify .

Ho w ev er, a n um b er of comp onen ts re-use data in a manner that is suitable
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for algorithms that are c ache awar e . Algorithms will b e dev elop ed suc h that

data passes through the memory cac he once while computing on a giv en lev el

b efore a lev el c hange.

This pap er is concerned with algorithmic c hanges that are highly p ortable.

Suc h tec hniques as lo op unrolling, though men tioned, are not really stressed.

The in ten tion is that co des written using the algorithms in this pap er will

w ork w ell on an ything from a PC to a high end RISC pro cessor based su-

p ercomputer with only trivial tuning (one parameter). This means that w e

are not trying to get ev ery last 
oating and �xed p oin t op eration out of a

computer, just an in teger factor sp eed up for a mo dest amoun t of w ork.

2 Relaxation Metho dology and Notation

Consider solving the follo wing set of problems:

A

i

u

i

= f

i

; 1 � i � k ;

where u

i

2 I R

n

i

and n

i

> n

i +1

. Lev el 1 is the real problem that the solution is

w an ted on. All other lev els are smaller, or coarser, appro ximations to lev el 1.

The linear systems result from discretizing a partial di�eren tial equation

o v er a giv en grid 


i

. The discretization can b e an y standard �nite elemen t,

di�erence, v olume, or w a v elet approac h (see [1] and [2] for examples of this

approac h). F urther, the discrete grids 


i

will b e assumed to b e structured

and regular.

2.1 Once through cac he naturally ordered Gauss-Seidel

Consider the naturally ordered Gauss-Seidel �rst. Let us restrict our atten-

tion to matrices A

j

whic h are based on discretization metho ds whic h are lo cal

to only 3 neigh b oring ro ws of the grid (e.g., a 5 or 9 p oin t discretization).

W e ha v e to assume that ` + m � 1 ro ws of a N � N grid G �t en tirely in to

cac he sim ultaneously and that m < ` .

Figure 3 con tains the complete algorithm for passing data through cac he

only once for the naturally ordered Gauss-Seidel. There are t w o sp ecial cases

to the cac he a w are algorithm: the �rst blo c k of ro ws and the rest of the

blo c ks.

The �rst case is for the �rst ` ro ws of the grid. A t the end of step 1 in

Figure 3, the data asso ciated with ro ws 1 to ` has b een brough t in to cac he
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Algorithm Cac he-GSNat

1. Do it = 0 ; m � 1

1a. Do i = 1 ; ` � it

1a1. U pdate ( i , all).

2. Do j = ` + 1 ; N ; ` .

2a. Do it = 0 ; m � 1

2a1. Set j

1

= min ( j + ` , N ).

2a2. If j + ` < N , then

2a2a. j

2

= max ( j

1

� it � 1 ; j ).

2a3. Else

2a3a. j

2

= N

2a4. Do i = j; j

2

2a4a. U pdate ( i , all).

2a5. Do i = j � 1 ; j + it � m + 1 ; � 1

2a5a. U pdate ( i , all).

Figure 3: Once through cac he naturally ordered Gauss-Seidel algorithm

only once, not m times. The data in ro ws 1 to ` � m + 1 has b een up dated m

times. The data in ro ws j , ` � m + 2 � j � ` has b een up dated ` � j + 1 times.

Once the �rst blo c k of grid ro ws is partially up dated, w e ha v e a new blo c k

to up date and m ust also �nish up dating the previous blo c k of grid ro ws. This

corresp onds to step 2 in Figure 3. Note that the second inner lo op (step 2a3)

runs in the opp osite order as the �rst inner lo op (step 2a2), whic h ensures

that the up dates are bit wise iden tical to the standard algorithm. In e�ect, w e

ha v e applied a domain decomp osition metho dology to the standard iteration.

Eac h iteration requires a new, sligh tly smaller domain.

The cac he a w are algorithm can b e generalized to grids whic h are to o

large to �t en tire ro ws in to cac he. In this case, a m ultidimensional approac h

is necessary when dropping ro ws and columns from the sub domains. In eac h

of the three pictures b elo w, computation o ccurs in the smallest sub domain

only (the outer parts represen t the bu�ers that ha v e b een added). The bu�ers

gro w b y one line in eac h of x and y eac h iteration.

First iteration Second iteration Third iteration
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Algorithm Cac he-GSRedBlac k

1. Do j = 1 ; N ; ` .

1a. Set j

1

= min ( j + ` � 1, N ).

1b. Do it = 0 ; m � 1

1b1. Do i = j; j

1

� 2 � it

1b1a. U pdate ( i , red).

1b1b. U pdate ( i � 1, blac k).

1b2. Do i = j � 1 ; j � m + 2 � it; � 2

1b2a. If mo d( j ,2)= 1 then

1b2a1. U pdateR edB l ack ( i )

1b2a2. U pdateR edB l ack ( i � 1)

1b2b. If mo d( j ,2)= 0 then

1b2b1. U pdateR edB l ack ( i � 1)

1b2b2. U pdateR edB l ack ( i )

Figure 4: Once through cac he red-blac k ordered Gauss-Seidel algorithm

While computing in neigh b oring sub domains, the rest of the up dates are

done carefully in order to main tain bit wise iden tical up dates. In the curren t

sub domain, the calculation is done using the natural ordering. In the trailing

sub domain, the calculation is done in the opp osite order. In the three pictures

b elo w, the shrinking sub domain on the left is the trailing sub domain.

2.2 Once through cac he red-blac k ordered Gauss-Seidel

Red-blac k ordered Gauss-Seidel is signi�can tly more complex to co de in the

once through cac he st yle rather than in the normal st yle. Let us restrict our

atten tion to matrices A

j

whic h are based on discretization metho ds whic h

are lo cal to only 3 neigh b oring ro ws of the grid (e.g., a 5 or a 9 p oin t dis-

cretization). F or a discussion of a 9 p oin t discretization on this topic, see [9]

and [12].

Figure 4 con tains the complete algorithm for passing data through cac he

only once for the red-blac k ordered Gauss-Seidel. In x 2.1, the naturally or-

dered Gauss-Seidel w as sho wn geometrically to b e similar to a domain de-
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Figure 5: Simple triangular grid

comp osition metho d where the size of the sub domains shrank eac h iteration

(forming an increasingly larger bu�er eac h iterations). F or the red-blac k or-

dered Gauss-Seidel, the bu�er is sa w to oth shap ed on the top and gro ws eac h

iteration b y p oin ts from t w o grid ro ws instead of one. On the righ t side, the

bu�er gro ws eac h iteration b y only one grid column (similar to the naturally

ordered Gauss-Seidel case).

2.3 Once through cac he ADI and line relaxation meth-

o ds

ADI and line relaxation algorithms are easily made cac he a w are using similar

tec hniques to the ones giv en in xx 2.1-2.2. One di�erence is that en tire lines of

unkno wns m ust �t in cac he at once in order to guaran tee bit wise compatibilit y

with the standard algorithm implemen tations.

2.4 Once through cac he relaxation metho ds on triangu-

lar grids

T riangular grids are also easily made cac he a w are. The grids m ust b e quasi-

uniform and highly structured and the ordering of A

i

m ust lead to blo c ks

of diagonal submatrices. A simple example of a suitable grid is giv en in

Figure 5. A com bination of the metho ds giv en in xx 2.1-2.2 with the nonzero

graph of the A

i

's is used.

Grids that are unstructured, including ones that ha v e b een c hosen through

an adaptiv e gridding pro cedure, require a di�eren t approac h than is co v ered

in this pap er. x 4 brie
y discusses an unstructured grid approac h.
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Figure 6: Quasi-structured grid.

2.5 Unstructured and Quasi-Structured Grids

Unstructured grids presen ts a c hallenge that is not addressed in this pap er.

Quasi-unstructured grids (see Figure 6) can frequen tly b e accommo dated

using tec hniques similar to structured grids. In particular, the n um b er of

graph connections in the matrices A

i

are usually predictable, just lik e in the

structured grid case. Both of these cases are considered in [5], [6 ], and [7].

3 Com bining Multigrid Comp onen ts

A t ypical m ultigrid metho d is based on a V cycle m ultigrid metho d (see

Figure 7). Implemen ting a W or F Cycle (or an y other correction cycle) is a

trivial extension.

All m ultigrid correction algorithms are a simple com bination of t w o dis-

tinct parts: the pr e-c orr e ction step and the p ost-c orr e ction step . These are

referred to b y McCormic k [10 ] as slash cycles. While b oth steps ma y ha v e an

appro ximate solv e step included, the c hange of lev el step at the end of eac h

has quite di�eren t cac he e�ects.

There are 3 ma jor op erations in the V cycle:
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Algorithm Vcycle( k , f A

i

; u

i

; f

i

; r

i

g

k

i =1

)

1. Do i = 1 ; 2 ; � � � ; k � 1

1a. Appro ximately solv e A

i

u

i

= f

i

.

1b. Compute a residual r

i

 f

i

� A

i

u

i

.

1c. Set f

i +1

 R

i

r

i

and u

i +1

 0.

2. Do i = k ; k � 1 ; � � � ; 1

2a. Appro ximately solv e A

i

u

i

= f

i

.

2b. If i > 1, then set u

i � 1

 u

i � 1

+ P

i

u

i

.

Figure 7: V cycle de�nition

1. Appro ximate solv es: steps 1a and 2a. This is t ypically a relaxation

metho d for simple problems, but can b e an y iterativ e metho d.

2. Restriction of residuals: steps 1b and 1c. This is t ypically a w eigh ted

a v erage of nearb y residuals. It is used to compute a residual correction

problem's righ t hand side (represen ted b y the op erator R

i

) on the next

coarser grid.

3. Prolongation of corrections: step 2b. This is t ypically a second or fourth

order in terp olation metho d (represen ted b y the op erator P

i

).

In a t ypical m ultigrid co de, a V cycle is implemen ted v ery similarly to the

description giv en here. By using a structured language metho dology , di�eren t

algorithms can b e substituted for the default ones trivially .

As w as sho wn in [3 ], when a grid 


i

gets to o large, a c hange in the al-

gorithm is required whic h c hanges the global ordering. In essence, w e use a

domain decomp osition approac h to �nd disjoin t t w o dimensional sub domains




ij

whose union is 


i

. F urther, the data asso ciated with the Gauss-Seidel

op eration on eac h sub domain m ust �t en tirely in cac he. The size of the sub-

domains dep ends hea vily on the n um b er of nonzero es p er ro w in the matrix

A

i

, the sparse matrix storage metho d, and what iteration of the Gauss-Seidel

iteration w e are on. Hence, w e really ha v e a set of disjoin t sub domains 


( ` )

ij

,

where ` = 1 ; � � � ; m .

Data passes through cac he once almost ev erywhere eac h time a lev el is

reac hed with this transformation. Due to connections b et w een sub domains,

sometimes a v ery few p oin ts (rather than whole sub domains) ha v e data pass

through cac he t wice. Ho w ev er, w e can do b etter, as will b e describ ed in this

and the next section.
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Algorithm Cac he-Vcycle( k , f A

i

; u

i

; f

i

; r

i

g

k

i =1

)

1. Do i = 1 ; 2 ; � � � ; k � 1

1a. Do ` = 1 ; 2 ; � � � ; m

i

1a1. Determine 


( ` )

ij

.

1a2. F or eac h 


( ` )

ij

,

1a2a. If ` = 1, then u

i

j




( ` )

ij

 0.

1a2b. Do 1 iteration of appro ximate solv e of A

i

u

i

= f

i

.

1a2c. If ` = m

i

, then compute as m uc h of r

i

as is

p ossible.

1a3. If ` = m

i

, then complete the calculation of r

i

and calculate f

i +1

= R

i

r

i

.

2. Do i = k ; k � 1 ; � � � ; 1

2a. Do ` = 1 ; 2 ; � � � ; m

i

2a1. Determine 


( ` )

ij

.

2a2. F or eac h 


( ` )

ij

,

2a2a. If ` = 1 and k = 1, then u

i

j




( ` )

ij

 0.

2a2a. If ` = 1 and k > 1, then

u

i

j




( ` )

ij

 u

i

j




( ` )

ij

+ P

i +1

u

i +1

j




( ` )

ij

.

2a2c. Do 1 iteration of appro ximate solv e of A

i

u

i

= f

i

.

Figure 8: Cac he a w are V cycle de�nition

The computational sub domains 


( ` )

ij

m ust b e further re�ned in order to

use as large of sub domains as p ossible eac h iteration of the relaxation algo-

rithm. The last iteration of the relaxation algorithm m ust b e treated di�er-

en tly due to the pro jection or in terp olation steps that m ust b e done. As is

noted in [11 ], only 50-60% of the cac he is actually a v ailable for use b y a giv en

program. This is a side e�ect of m ultitasking op erating systems.

Determining the sizes of the 


( ` )

ij

's p er iteration ` can b e done as a pre-

pro cessing step and is inexp ensiv e. In order to e�cien tly do lo op unrolling

and/or tiling, w e need a small amoun t of information ab out the computer

that w e are going to use. First, w e need to kno w ho w big the usable part of

the cac he actually is. Kno wing the size of usable cac he and the n um b er of

p oin ts in a line w e calculate

� 


(1)

ij

for either a precorrection or a p ostcorrection step.

� 


( ` )

ij

for ` = 2 ; � � � ; m

i

� 1.

� 


( m

i

)

ij

for either a precorrection or a p ostcorrection step.
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s

Up date

c

Can compute residual

sg

Can compute pro jection

s

csg

Figure 9: Fiv e p oin t discretization, p oin t relaxation

s

Up date

c

Can compute residual

sg

Can compute pro jection

s

c

sg

Figure 10: Nine p oin t discretization, p oin t relaxation

The second item w e need to kno w is ho w man y p oin ts to unroll in the lo ops

in the U pdate and U pdateR edB l ack co de.

Three steps o ccur during the pre-correction step: smo othing, residual

calculation, and pro jection. Tw o sets of computational sub domains 


( ` )

ij

are

necessary . One is for when just the relaxation metho d is used as a smo other

and the other is when all three comp onen ts are used at once.

There is a sc heduling issue when implemen ting cac he a w are m ultigrid

algorithms. Figures 9-11 graphically sho w when the residual can b e computed

based on the last up date in the relaxation metho d. Where a pro jection can

b e cen tered is also sho wn based on whic h residuals ha v e b een computed.

Figure 12 sho ws when in terp olation to the next �ner lev el can b e sc heduled.

What is expressed is simply a \compute as so on as y ou can" principal.

s

Up date

c

Can compute residual

sg

Can compute pro jection

s s s s s

c c c c c

s s s s sg g g g g

Figure 11: Fiv e or nine p oin t discretization, line relaxation
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s

Up date

� Can compute in terp olan ts on �ner grid

s

�

�

�

�

Figure 12: Fiv e or nine p oin t discretization, in terp olation

F or simplicit y , p oin t relaxation metho ds should probably b e written as-

suming a nine p oin t op erator (see Figure 11). In order to write highly e�cien t

co de with no sp ecial cases, t w o extra \ghost" ro ws and columns are needed

in the computational grids. V alues there are set to zero and no relaxation

up dates o ccur (requiring a minor p ost pro cessing). While for tin y grids this

adds a signi�can t amoun t of storage, w e are only in terested in problems that

are m uc h larger than w ould �t in the cac he. Hence, the padding on the coarser

grids only amoun ts to a trivial increase in the o v erall storage requiremen ts

(and is useful for parallel computing v ersions of the algorithms).

Tw o steps o ccur in the p ost-correction step: smo othing and in terp olation.

In order for this half of a correction sc heme to b e optimally cac he a w are, the

last step m ust use a somewhat smaller 


( m

i

)

ij

than the rest of the iterations.

This is b ecause the in terp olan t on lev el i + 1 is added to m uc h larger v ector,

whic h is t ypically four times the size of the v ector on lev el i .

4 Numerical Results and Conclusions

In [5 ], [6], and [7] a collection of problems are solv ed on structured grids (2D

and 3D) and unstructured grids (in 2D). Sp eedups range from 100% to 300%

o v er using standard, w ell co ded implemen tations.

Reducing the n um b er of times data passes through cac he to the absolute

minim um eliminates one of the ma jor areas where m ultigrid do es not tak e

full adv an tage of the hardw are that it is implemen ted on. The algorithms in

this pap er sho w ho w to reac h this minim um.

When using cac he a w are implemen tations, there are t w o issues that m ust

b e faced: is true p ortabilit y w an ted and ho w m uc h p erformance is demanded?

By true p ortabilit y , all that m ust b e determined for a giv en mac hine are t w o

n um b ers: the n um b er of elemen ts in a cac he line and the n um b er of cac he

lines that can b e guaran teed to b e usable.
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If ultra high p erformance is demanded, true p ortabilit y b ecomes m uc h

harder. Lo op unrolling, relaxation up dates along diagonals, sp ecialt y BLAS

for short v ectors (in mac hine language), and other mac hine sp eci�c opti-

mizations are necessary . One in teresting asp ect is that most RISC based

pro cessors are v ery similar. Hence, the non-mac hine language optimizations

will w ork w ell on similar pro cessors.

Using cac he a w are m ultigrid algorithms requires a di�eren t programming

st yle than is traditional (see [4] and [8]). In order to mak e the co des viable, a

rigid programming st yle m ust b e main tained for all comp onen ts of the co de.

This includes a uniform subscripting metho d for v ariables, an isolation of

the minimal n um b er of lines of co de that is necessary for a giv e discretized

problem to do ma jor comp onen ts (e.g., up dating a p oin t b y the relaxation

metho d), and a decision on ho w p ortable the co de will b e.

If only true p ortabilit y is demanded, a general co de can b e constructed

quite easily for 5-9 p oin t op erators A

i

(see [4] for example co des). F or the

examples in x 3, only four quite small pieces of co de ha v e to b e written as

separate \include" �les or macro de�nitions. Only the in terp olation �le will

t ypically ha v e more than one target p oin t to mo dify .

The ideas in this pap er can b e applied not just to natural and red-blac k

ordered Gauss-Seidel, but to SOR v arian ts, line relaxation metho ds, and ADI.

Applying the ideas to t ypical parallel smo others is also a straigh t forw ard

extension.
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