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Abstract

We present a method to speed up and stabilize free surface simulations with the
lattice Boltzmann method (LBM). This is done by adaptively changing the param-
eterization of the simulation in a way that corresponds to a di®erent size of the
simulation time step. This meansthat the Mach number changesas well, and re-
quires a rescalingof all distribution functions. Hencewe only perform the rescaling
when the velocities in the simulation becometoo largeor small. Wewill demonstrate
the e®ectof this procedurefor two and three dimensional test cases.In addition to
a reduction of the necessaryLBM steps, this method can also be used to stabilize
gravit y driven simulations, where the maximum velocities are not known a priori.
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1 In tro duction

A variety of applications require the simulation of a liquid with a freesurface.
Oneexampleis the optimization of production processeslikecastingor the cre-
ation of metal foamsinvolving the accuratetracking of a liquid gasinterface.
Also for graphical applications the animation of liquids is still a challenge[1].
In both casesdiscretizationsof the Navier-Stokesequations (NSE) are com-
monly usedto simulate °uids. For the implementation described herewe have
chosenthe lattice Boltzmann method (LBM), which wasderived from the lat-
tice gasmethods and can be regardedas a ¯rst order explicit discretization
of the Boltzmann equation discretizedin phasespace.It is able to e±ciently
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handle complex, dynamic geometriesand topologies.However, especially in
the ¯eld of computer graphics LBM is rarely used to simulate free surfaces.
The boundary conditionsfor the freesurfacearerelatively simplecomparedto
other approaches[4], and thus allow an e±cient implementation. The method
we will present in the following can be used to speedup and stabilize °ows
with highly varying velocities, such as gravit y driven free surface°ows. An
overview of the free surfaceLBM is given in Section2, while in Section3 the
implementation of adaptive time stepping is explained.Section4 will demon-
strate the e®ectof the method for various test casesand problem sizes.

2 The Lattice Boltzmann Metho d

The LBM works on a (in our caseequidistant) grid of cells, each of which
contains information about a ¯xed number of discrete velocities. For two-
dimensional simulations nine velocity directions are commonly used (D2Q9
model [9]), while for three dimensions,the D3Q19model with nineteenveloci-
ties is the most common,and will alsobe usedfor the following examples.The
directions of the velocity vectorsare shown in Figure 1. For a cell at position
x a particle distribution function (DF) f i (x; t) has to be stored as a °oating-
point value for each velocity direction (i = 0::18). The direction vectorsei are
de¯ned as e0 = (0; 0; 0), e1;2 = (§ 1; 0; 0), e3;4 = (0; § 1; 0), e5;6 = (0; 0; § 1),
e7::10 = (§ 1; § 1; 0), e11::14 = (0; § 1; § 1) and e15::18 = (§ 1; 0; § 1). The con-
served moments density ½and mass°ux j can be computedas

½=
18X

i =0

f i ; j = ½u =
18X

i =0

f i ei ; (1)

where u is the °uid velocity. The basic algorithm proceedsin two steps {
the stream step and the collide step. As the size of a time step is usually
normalizedto 1, the streamingstep results in a movement of each DF to the
adjacent cell along its velocity vector, as shown in Figure 1. The collide step
then accounts for the collisionsbetweenthe particles that occur in a real °uid
during their movement, by relaxing the DFs towardsan equilibrium state. For
the BGK model [9] , the equilibrium DFs f eq

i are de¯ned as

f eq
i (½;u) = wi ½

·

1 ¡
3
2

u ¢u + 3ei ¢u +
9
2

(ei ¢u)2
¸

; (2)

whereu and ½are the macroscopicvelocity and density, respectively, and wi

are weights that are given by the length of the velocity vector: w0 = 1=3 ,
w1::6 = 1=18 and w7::18 = 1=36. The value of the distribution function for the
next time step f i (x; t + ¢ t) is calculatedby:
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DFs of a single cell 
before streaming

 at time t 

DFs at time t+1 
after streaming

D3Q19D2Q9

Fig. 1. To the left the velocities of the D2Q9 and D3Q19 LBM models are shown,
on the right side the DFs of a LBM cell before and after the stream step can be
seen.

f i (x; t + ¢ t) = (1 ¡ ! )f i (x; t) + ! f eq
i

³
½(x; t); u(x; t)

´
; (3)

with the relaxation factor ! , that is set accordingto the viscosity of the °uid:

! = 2=(6º + 1) = 1=¿ : (4)

Hereº is the kinematic viscosity of the °uid in lattice units. Hence,the equa-
tion for the time evolution is:

f i (x + ei ¢ t; t+ ¢ t) ¡ f i (x; t) = ¡ ¢ t !
·

f i (x; t) ¡ f eq
i

³
½(x; t); u(x; t)

´ ¸

: (5)

This is known as the BGK lattice Boltzmann equation due to its approxima-
tion of the particle collisionswith a single relaxation parameter. To enhance
the stabilit y of the algorithm for higher Reynoldsnumbersother methods,e.g.
multiple relaxation time models[2, 5] could be used.External forceslike grav-
it y can be applied by acceleratingthe °uid in each cell beforethe calculation
of the equilibrium distribution functions.

Thus for simulations with an accelerationforce g Eq. 3 becomes

f i (x; t + ¢ t) = (1 ¡ ! )f i (x; t) + ! f eq
i

³
½(x; t); u(x; t) + g=!

´
: (6)

We usethe bounce-back boundary conditions for obstaclesand at the domain
boundaries(here,this results in a zeronormal and tangential velocity). Hence,
if the adjacent cell is an obstaclecell, the DFs arere°ectedat the cell boundary
during streaming.

For the simulation of a freesurface,we usethe boundary conditionsdescribed
in [7]. Figure 2 shows an examplesimulation of breaking dam test casesim-
ulated with the algorithm described below. The gasand °uid phaseof a free
surfacesimulation require a distinction betweencells that do not contain any
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Fig. 2. Several frames of a breaking dam simulation performed with the aglorithm
described in Section 2.

°uid (only gas), interfacecellswhich are partially ¯lled, and cells completely
¯lled with °uid. Fluid cells can be treated as described in Section2, and no
computations are necessaryfor empty cells. However, all DFs which should
be streamedfrom empty cells needto be reconstructedfor the interfacecells
with

f I (x; t + 1) = (f eq
i (u; ½g) + f eq

I (u; ½g)) ¡ f i (x; t) : (7)

Here f I is related to the anti-parallel lattice vector eI with eI = ¡ ei . Note
that in this form the boundary conditions do not include any surfacetension.
The gasdensity ½g prescribesthe interface conditions for pressureat leading
order, where the atmospheric density is simply the referencedensity of the
LBM simulation. The velocity u required for the equilibrium DFs in Eq. 7 is
that of the °uid at time t, as the gas is assumedto have the samevelocity
as the °uid close to the interface. Bubbles are treated by calculating their
volume in each time step, which is usedtogether with the initial bubble mass
to calculate the gasdensity. A high gasdensity (½g > 1) results in a pressure
force at the °uid interface pushing the °uid away, as both equilibrium DFs
in Eq. 7 are in°uenced by ½g. A lower pressure(½g < 1), on the other hand,
appliesa forcetowardsthe gasphase.To track the surfacemovement the mass
exchangewith all neighboring °uid and interface cells needsto be computed
by subtracting the outgoing DFs from the incoming onesduring streaming

m(x; t + ¢ t) = m(x; t) +
18X

l=0

¨( x + ei ; x) (f I (x + ei ; t) ¡ f i (x; t)) ; (8)

wherem(x; t) denotesthe massof the cell at position x and time t, and ²(x; t)
is the fraction of the cell that is ¯lled with °uid. The factor ¨( x + ei ; x)
accounts for the areaof °uid betweentwo interfacecells. It is calculatedas

¨( x + ei ; x) =
²(x + ei ; t) + ²(x; t)

2
; (9)

if both cells at x + ei and x are interface cells, while it is equal to one if
one of them is a °uid cell. Note that m(x; t) can becomenegative. This is
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Fig. 3. Here several frames of the simulation setup for the secondtest casefrom
Section4 canbeseen.A drop of °uid falls into resting °uid in a squarecomputational
domain. In this casethe grid resolution is 2562.

handled by the cell conversion and doesnot causethe algorithm to produce
incorrect results { the algorithm still conservesmassup to machine precision.
Once interfacecellsbecomecompletely ¯lled or empty { indicated by a mass
of zero or equal to the density, respectively { their type has to be changed
accordingly. This canalsocauseneighboring °uid or empty cellsto bechanged
to interfacecells, sincethe layer of interfacecellshas to be closed.While the
higher order analysisof theseboundary conditions is a work in progress,the
implementation details of the algorithm canbe found in our companionpaper
[6] or in [10].

3 Adaptiv e Mac h Num bers and Time Steps

Simulation con¯gurations like the oneshown on the title pageexhibit a highly
varying range of velocities. As the LBM intrinsically limits the maximum
velocity of a cell, a setuplikethis usually requiresa time stepthat is su±ciently
small to assurethat the largest occurring velocities remain valid during the
courseof the simulation. To alleviate this restriction, we have implemented a
technique to adaptively modify the parameterizationto changethe time step
size. This also results in a change of the Mach number Ma = u=cs, as the
grid sizeand thus the speedof the information propagation (determined by
cs) stay ¯xed, but the velocities u are rescaled.However, it will be shown in
Section4 that this doesnot disturb the simulation. Given a °uid viscosity º
and an accelerationforceg a maximum time stepsize¢ tmax canbe calculated
by

¢ tmax ·

s
¢ ½¢¢ x

jgj
: (10)
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Here¢ ½is a dimensionlessconstant to limit the maximum density changeper
time step. For simulation setupssimilar to those usedhere, we have chosen
¢ ½= 10¡ 3. As this value controls the compressibility of the °uid, larger °uid
volumesmay requiresmallernumbers.On the other end, the minimum sizeof
a time step is limited by the stabilit y of the LBM. For a BGK model we have
chosen¿min ¸ 0:51. Given the kinematic viscosity of the °uid º and ¿min , the
lower limit of the time step can be computedas

¢ tmin =
2¿min ¡ 1

6º
: (11)

During each LBM step, the current maximum velocity umax is computed.As
a threshold for the velocity we chooseju thresh j = 1=6 which is half of the speed
of sound chosenfor D2Q9 and D3Q19. The speed of sound thus represents
the upper limit of the lattice velocity to simulate weakly compressible°ow. If
umax exceedsthis thresholdduring the courseof the simulation, weperform the
following procedureto stabilize the simulation again. If the velocities become
too large, this will result in a smaller time step size,while for small umax we
changethe parametersto have the simulation perform larger time steps.The
sizeof the new time step can the be determinedby

¢ tn = ju thresh j=jumax j : (12)

In the following, a subscript of o will denotevaluesbefore the rescalingpro-
cedure,while n will denotevaluesfor the new parameterization.Hence,to is
the sizeof the time step previously usedfor the LBM. To account for the new
time step size, the hydrodynamic moments as well as the accelerationforce
have to be rescaledby s = ¢ tn=¢ to:

½n = (½o ¡ ½ref )s + ½ref ; un = uos ; gn = go s2 (13)

Here ½ref denotesthe current referencedensity of the simulation, which has
to be calculated from the total °uid volume V and the overall massM as
½ref = V=M . V is calculated by the sum of all °uid fraction values² (which
are equal to one for °uid cells), while M is computed as the sum of all cell
masses.Thus for interfacecells m and for °uid cells ½is used.The deviation
of the cell densities from the referencedensity needsto be rescaled,as the
changedforce gn requiresan adaption of the density gradient. This rescaling
furthermore changesthe valuesof m and ² for interfacecells:

mn = mo(½o=½n ) ; ²n = mn=½n (14)

Since the relaxation time depends on the size of the time step, the non-
equilibrium parts of the distribution functions have to be rescaled,similar
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Fig. 4. E®ect of the parameter change for a drop falling 2:5 times its radius, com-
pared to a simulation without any parameter changes.

to the rescalingfor simulations using di®erently re¯ned grids as in [3] or [8]:

f 0
i = [f eq

i (½o; uo) + (f i ¡ f eq
i (½o; uo)) s¿] sf i ; with (15)

sf i = f eq
i (½n ; un ) = f eq

i (½o; uo)
s¿ = ¢ tn¿n = ¢ to¿o

Here the factor s¿ correspondsto the non-equilibrium scalingfactor from [3],
while the additional scaling by sf i is necessaryto account for the changes
of velocity and density. s¿ is thus equal for all cells and lattice directions
i . The factor sf i , on the other hand, depends on i and can be di®erent for
each cell. The scalingby sf i is required to make the DFs of the cell represent
the velocity un and deviation from the median density ½n required by the
new parameterization. Thus it is assumedthat the non-equilibrium part is
proportional to the equilibrium part direction by direction.

Note that the stepsdescribed sofar require roughly asmany computationsas
a collisionstep.Thus,we only perform the rescalingwhenjumax j is larger than
ju thresh j ¢» or smaller than ju thresh j=», where» is usedto control the amount of
time step changes.We usea value of » = 5=4. The rangeof parameterization
also dependson the range of valid time steps. If ¢ tmax already requiresa ¿
near0:51 there will be little room to choosesmallertime stepsizes.To prevent
the time step from beingdecreasedright after it wasenlarged,we furthermore
delay enlargingof the time step. This, in contrast to decreasingthe time step
size,is uncritical, asit is ensuredthat no high velocitiescurrently appearin the
simulation. Here a delay of four times the grid resolution in time stepsyields
good results.As the time step is infrequently changedin comparisonwith the
number of LBM steps, it requires very little computational time (less than
1% for the presented simulations). The method can also be applied to °ows
without a freesurfaceor without forcing. However, dependingon the problem
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Fig. 5. Results for the test caseof Figure 3 in two dimensions.

the advantagesmight disappear, e.g.due to constantly high velocities. Thus,
the following chapter will present results for test caseswhere the method is
applicable.

4 Results

The correctnessof the following simulations will be determinedby comparing
the averagedeviation of the °uid fraction values ² for all cells. This e®ec-
tiv ely comparesthe di®erenceof the position of the free surfacefor two given
con¯gurations. The valuesshown in Figure 4, 5 and 6 are thus computedas

1
ntotal

X

x 2 ­

j²ref (x) ¡ ²(x)j ; (16)

where²ref are the °uid fraction valuesof a referencesimulation, ­ is the size
of the domain ranging from 0 to 1 in each spatial dimension,and ntotal is the
total number of chosenpoints wherewe measurethe °uid fraction deviation
at. For example Figure 4 was generatedusing points in 64 intervals along
each axis, thus using ntotal = 4096points in total. If two con¯gurations are
completely di®erent, this deviation will be closeto one, while valuescloseto
zero indicate a similar shape of the °uid. We take the averagevalue for all
measuredpoints to comparesimulations of di®erent sizes.

A ¯rst two-dimensionaltest to validate our rescalingprocedure is a falling
drop of radius 0:1 (the sizeof the computational domain being 1:0) falling for
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Fig. 6. Results for the test caseof Figure 3 in three dimensions.

2:5 times its radius. During the courseof this movement the parameterization
is changed6 times (for a resolutionof 482) to 9 times (for a resolutionof 2562).
Thesesimulations use a u thresh = 0:05, which causesmore parameterization
changesthan really necessary, and were comparedto a simulation using the
sameresolution with a ¯xed parameterization.In Figure 4 the resultsof these
experiments areshown. It canbe seenthat the resultsarealmost independent
of the resolution. Furthermore, the shape of the drop is not disturbed by the
rescalingwhich is evident from the very small deviations, being usually less
than 0:001.

A more realistic test caseis shown in Figure 3. Here a drop with radius 0.1
is falling into a resting °uid of height 0.25. The results for experiments with
various grid sizesin 2D can be seenon the left side of Figure 5. Here three
simulations with the grid sizeshown in the graph were comparedto a simu-
lation with twice this resolution parameterizedto run with a small time step.
Oneof the three simulations usedfor comparisonis run with a large time step
(left bars), the next with adaptive time stepping(middle bars), while the last
simulation (right bars) usesthe smallest time step used in the correspond-
ing simulation with adaptive time steps. Thus the left- and rightmost bars
for each test caseuseparameterizationsaccordingto the largest and smallest
time step sizesusedduring the courseof the simulation for the middle bars.
The simulations with lattice resolution 642 were initially parameterizedwith
! = 1:87, g = (0 ; ¡ 5:34¢10¡ 4) running for approximately 1000steps.For
the larger grid resolutions the parameterswere scaledto keep the Reynolds
number constant (hencefor the test caseswith a 1282 resolution ! = 1:678).
As the graph shows, the parameterization changesfor time step and Mach
number adaption yield the expected results lying closeto the both extremes
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Fig. 7. A simulation of a falling drop with a grid resolution of 2403 requiring less
than 6800steps, in contrast to more than 16000that would have beennecessaryto
run the simulation with the smallest time step.

of parameterization.

The graph in Figure 6 shows results for running the previous test caseex-
tended to 3D. The only di®erencehere is, that due to memory limitations
the referencesimulation uses1.5 times the shown grid resolution, instead of
the factor 2 for the 2D cases.Again the results with adaptive time steps lie
in the expected range.Note that thesetest caseswere chosento ensurethat
even the initial large time step size remains stable. The method presented
here also allows the stabilization of simulations were the occurring velocities
cannot be determinedfrom the start. In thesecasesthe parameterizationwill
be automatically changedin order to stabilize the simulation, if the newvalue
for ! doesnot itself causestabilit y problems.The method can then save sig-
ni¯cant amounts of computational time by reducing the number of necessary
LBM steps.As an example, the simulation shown in Figure 7 requires6757
LBM stepswith adaptive parameterizationwhile running the simulation with
the smallest time step sizewould have required 16200steps.Thus, using the
method presented here, this test caseruns 2:4 times faster than without it.
While not all simulations will bene¯t this much, they will nut run slower using
the adaptiveparameterization,asthe computational cost for checking whether
to perform a parameterizationchangeor not is negligiblein comparisonto the
cost of each LBM step.

5 Conclusions

We have presented a method to adaptively changethe Mach number and pa-
rameterization of a LBM simulation to account for a changeof the time step
size.The maximum velocity occurring in the simulation is used to trigger a
rescalingproceduresimilar to the rescalingof the non-equilibrium components
for grid re¯nement, additionally scaling the cell velocities and density devia-
tions. It wasshown that this processdoesnot disturb the freesurface°ow and
can yield signi¯cant speedupsfor simulations with varying velocities, such as
gravit y driven free surface°ows. It furthermore stabilizes and simpli¯es the
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parameterization for °ows where maximum velocities cannot be determined
in advance.
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