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Abstract

We present a new approach to simulate waves on large such thatk is Constant on the intervals;
geometries. This method is based on newly developed Fi-

nite Elements, so-called Trigonometric Finite Wave Ele-
ments (TFWE), which are constructed by linear elements
as well as by trigonometric functions such that the one-
dimensional Helmholtz equation is exactly solved under
certain conditions. In comparison with the Transfer Ma-
trix Method the TFWE method offers as good results,
but it can be extended to higher dimensions and it can
be applied to time-dynamic problems. In two dimen-
sions the TFWE are non-conforming elements. The anal-
ysis of TFWE shows that these elements approximate
functions with certain oscillation properties more accu-
rate than standard Finite Elements. Thus, a Finite Ele-
ment discretization with TFWE leads to a smaller system
of equations, which eases the solving process. Numeri-
cal results obtained by applying the TFWE method to the
simulation of the wave equation for Distributed Feedback
lasers are presented.

Derivation and Convergence of the Trigonometric Fi-
nite Wave Elements

Our aim is to solve the two-dimensional wave equation
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which is coupled with a pair of partial differential equa-
tions for the carrier density called drift diffusion equati
(see [1]):
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In standard simulations the above wave equation is
reduced to the following stationary one-dimensional
Helmholtz equation:
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wherek : © — R is a piecewise constant function
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J = “N, pj = Nj and N € N. Let us abbreviate
kj -k (pj 12+pJ

A common and well-established method to solve the
time-periodic Helmholtz equation (2) is the Transfer Ma-
trix Method (TMM). The idea of this method is that the
solutions of (2) are contained & (2) and thatF has the
form

E(z) = ajexp(—ikjz) + Bj exp(ik;jz) for z € 55, (3)

where the coefficients; andg;, j € {1,..., N}, have to
satisfy two continuity equations resulting from the conti-
nuity of £ and% at the grid pointg;.

But general simulations require time-dependent, two-
dimensional discretizations of (1), which cannot be ob-
tained by the TMM. Standard Finite Element methods
cannot be applied, as for resolving the wave appropri-
ately, a huge amount of grid points is needed. Further-
more, the Beam Propagation Method is not suitable, as
by this method it is very difficult to simulate internal re-
flections.

We propose a new Finite Element method, which pro-
vides for the one-dimensional Helmholtz equation as
good results as the TMM, but which can be extended to
two and three dimensions and can also be applied to time-
dynamic calculations. The new method is similar to the
method described in [2], however, the two-wave ansatz
cannot be applied to simulate internal reflections, which
appear in Distributed Feedback (DFB) lasers. Let us ex-
plain the new method in one dimension. The idea is to
construct new basis functions by multiplyimgj (z) with
trigonometric cosine and sine functions, which approxi-
mate the behavior of an oscillating wave. In case of linear
Finite Elementsv;}j(z) denotes the nodal basis function,
which is1 atp; and0 at all other grid point®;, ¢ # j,
whereh = % is the mesh size of the discretization grid.
Now we can define the following basis functions at grid

pointp;:
B5S(2) 1= cos (k(2)(z — pj)) vl (2),

B]S-in(z) := sin (k(z)(z — pj))v;,’j(z),



and

B;mx(z) ‘= mix (k(z)(z — p]))

|

,(2)

—sin (k;(z — p]))fugj(z) if 2 <p;j
sin (kjt1(z —pj))vgj(z) if 2> pj.
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Figure 1: Cosine, Sine, and Mixed Basis Function

These basis functions are called Trigonometric Finite
Wave Elements and span the space

N
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—I—bij-’m(z) + chjmm(z),

Vi = {u c HY(Q)

aj,bj,c; €C, co=cny = O}.

Introducing suitable boundary conditions, which can be
handled by TMM as well as by TFWE, we can show
that the solutions (3) of the one-dimensional Helmholtz
equation derived by the TMM are contained in the space
spanned by the TFWE (see [3]).

An important advantage of the TFWE method in compar-
ison with the TMM is that it can be applied to general
wave number coefficients and in two and more dimen-
sions:

Let @ =]0,L[x]0,W[ and letk < L*>(Q) such
that £ is a continuous function on each subdomain
|H(j — 1), Hj[x[0,W], j = 1,...,m, whereH = L
andm € N. Now, we introduce two meshsizés = —z
and h, = - and the meshsize tuple = (h,,hy),
where N, = nm n € N, and N, € N. This leads
to the grid pointsp;; = (z;,y;) := (ihy,jhy) and
grid cellsr;; = [z;_1,2;]X ]yj 1,y][ ie{l,..,N;.},
Je{L, ..., Ny}, suchthan v UNE = Q.

Now, Iet kn be the interpolant ofk at the mid-
points of each cellr;; such thatk, is piecewise
constant onr;.  This means thatky(z,y) =

kij o= k(D=btm Y18y for every(z,y) € 7. We
construct the TFWE in two dimensions by taking the ten-
sor product of the one-dimensional TFWE and the linear
nodal basis functions ig-direction. Thus, we get the fol-
lowing basis functions at grid point;:

B (z,y) == cos (kn(z,y)(z — x;)) vl (x)up? (y),
B, y) = sin (kn(z, y) (@ — 7))ol (2)oy? (),
and
B (2, y) = miz (kn (2, y) (@ — 7))ol (2)vy? (3),
where

miz (kn(2,y)(z — )
_ { —sin (kh(ac,y)(ac — xz)) if ¢ <a;

sin (kp(z,y)(z — ;) if x> ;.
As these basis functions are discontinuoug-itirection,
let us define the spadey, := JY, ;.V:yl r;; and the cor-
responding seminorm
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Then these TFWE span the space

V2P = {u € H' ()| u(z,y) =

Ny Ny

Z Z aZJBcos T y + bZ]Bsm( )

7=0 =0
+C2]Bmm( ay) V(l‘,y) € Q,
aij,bij,cij S (C, Coj = CN,j = 0}
Remark. As H'(Qp) ¢ H'(R), the Finite Element
spaceV;?P ¢ H1(Q2) is non-conforming.

Let us consider the following weak problem derived
from a time discretization of (1):

Find v € H(Q) such that a(u,v) = f(v), Yv €
H'(Q), where

a(u,v) =

[ (Vute)Vote.) - Pue i)
+ipu(z,y)o(z, y))d(z,y)
and g > 0.

Let us assume that the solutiansatisfies the Oscilla-
tion Assumption:

Assumption 1 (Oscillation Assumption) Let

u € H?*(Qp) be a function oscillating with an an-
gular frequency w similar to ck, where ¢ isthe velacity of
light. In mathematical notation this means that « can be
written as

u=u" exp(ikz) + u~ exp(—ikz),

where ut exp(ikz) € C(Q), u™ exp(—ikz) € C(Q),

|d2u+|L2(Qh) < |G, and |%2:|L2(Qh) <
|28 12(0)-

) defines theX-norm of the spac€), :=
Uzj'vle ;Vyl;zw

Theorem 1 Llet u € H?(f) satisfy Assumption 1.
Then, there exists a constant ¢ independent of h :=
max{hg, hy} such that

lu = unlgr(a,) < Ch<|u+|H2(Qh) + |“_|H2(Qh))
holds.

The proof of this theorem can be found in [3].

Application and Numerical Results

Finally, we present numerical simulation results for
the optical wave in DFB lasers achieved by the TFWE
method. We solved the weak form of (1) numerically,
where laser resonators of different size emitting at wave-
length1300nm were considered. In Figure 2 a laser res-
onator of size30um x 130um with a small stripe width
of size2um was chosen, whereas in Figure 3 a laser res-
onator of sizel20pum x 130pm with a large stripe width
of size40um is shown. Herein, the photon densityis
defined byn = 5 (|E|?).

Figure 2: Photon density: mode of first order is
achieved by a small stripe width

Figure 3: Photon density: mode of higher order due
to a “large” stripe widths

References

[1] G. Steinle, “Neuartige monolithische InAlGaAsN
Vertikallaserdioden:  langwellige Emission bei
1.3pm, Monitordiodenintegration, Modellierung”,
Ph.D. thesis, Institute of Optoelectronics, Ulm Uni-
versity, Germany, 2002.

[2] K. Altmann, C. Pflaum, and D. Seider, “Three-
Dimensional Finite Element Computation of Laser
Cavity Eigenmodes”, Applied Optics-LPE, vol. 43,
n° 9, pp. 1892-1901, 2004.

[3] B. Heubeck, C. Pflaum, and G. Steinle, “New Fi-
nite Elements for Large-Scale Simulation of Optical
Waves”, in preparation.



