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Abstract

In this paper we presert an application for a Poisson multigrid solver in 3D to solve the
Coulomb problem for the charge self interaction in a quantum-chemical program used to
perform ab initio molecular dynamics. Tedniques such as Mehrstellendiscretization and -
extrapolation are usedto improve the discretization error. The results show that the expected
convergence rates of the multigrid solver are achieved. Within the applied Car-Parrinello
Molecular Dynamics scheme the quality of the solution also determines the accuracy in en-
ergy consenation. All forms of discretization employed lead to energy conserving dynamics.
However, in caseof -extrapolation only a red-black smoother leads to the expected results,
whereasa lexical smoother gives substantial deviations from energy consenation.

1 Intro duction

The dewelopmen of ecient tools to calculate the electronic structure of moleculesas well as
extended systemson an ab initio level greatly enlarged the importance of theoretical simulation
methods for elds like new materials researd, catalysis or nanotechnology. The majorit y of modern
computer codesfor large scalesystemsare basedon the expansionof electronic wavefunctions and
densitiesin terms of plane waves(PW). However, sincesomeof the necessaryintegrals are evaluated
in Fourier spacebut others can only be calculated in real space(RS) the 3D-FFT is heavily used
to transform back and forth. This leadsto complications for the parallelization of the approadc for
massiwely parallel computer systemsas the 3D-FFT involvesa global communication step [1]. In
addition, the intrinsic periodicity of PW limits the application to interesting systemswith reduced
dimensionality as e.g. 2D periodic surfacesof high interest in various areas of researti. As a
consequencemore recertly Real Space methods have been dewveloped, where all quantities are
described on a real space mesh and FFT is no longer necessary all communication operations
are local and arbitrary and complex boundary conditions (as 2D periodicity) are simply realized
[2, 3]. In the moretraditional forms of electronic structure calculations with sphericalatom certered
basisfunctions for nite systemsor PW basedmethods for periodic systems,which have originally
been developed mostly within the theoretical chemistry and physics community, to some extent
the knowledge of the solution has beenusedto make the calculation tractable. In contrast to that
the grid basedapproacd is much more similar to grid basedmethods usedin many other elds of
sciencelike for example uid dynamics or astronomy. An advantage is now the simplicity of the
algorithms. However, the knowledge and competence of the Computational Sciencecommunity,
which developed very e cien t grid basedmethods to solve arbitrary partial di erential equations,
will have to be exploited in much greater extent than before. It is the intent of this contribution to
presert rst results of our joint e ort in this direction.



2 Ab initio Car-P arrinello Molecular Dynamics

Within the so called Kohn-Sham Density Functional Theory (KS-DFT) [4, 5] the quantum states of
the electronsin a molecular system can be found by solving the eigervalue equation (for a system
with 2n paired electrons) for the n lowest eigenvalues ;:

(Te+ Vhe(R) + Vee + Vic)j il = 1] i (1)

The KS-Operator consistsof the kinetic energy operator T, = %r 2 and the potentials of electron
nuclei interaction (Vye), electron-electronself-interaction (Vee) and the non-classicaland non-linear
exchange-correlation potential V,c [6, 7]. The one electron wave functions ; must fullll the
orthogonality constraint S; = h ;j ji = j . The nuclei potential Vne (R) dependsonly on the
nuclei positions R, but Ve and Vi depend on the electron g,ensity, which is given by the sum of
the squaresof the occupied wavefunctionsaccordingto = 2 ,” 2. Due to the dependenceof the
operator on the density, the non-linear equations have to be solved iterativ ely. The corresponding
Kohn-Sham energy functional is given by (with the E being the corresponding energiesto the

potentials V):

X 1
EDFT[f ig;Rn]: 2h ij Er Zj ii+Ene[;Rn]+Eee[]+Exc[]+Enn (Rn) (2)

For the application to molecular dynamics Carr and Parrinello have recastthe problem in their
seminal paper of 1985into a joint dynamic of both nuclei and wavefunction degreesof freedom,
which is called Car-Parrinello Molecular Dynamics (CP-MD) [8]. For the ctitious dynamic of the
wavefunction ; a wave function mass parameter . is introduced, which must be chosenlarge
enoughto allow stable integration of the Newtonian dynamics equations, but small enoughto let
the electronic degreesfreedom follow the nuclei quasiinstantaneous. This joint dynamic is de ned
by the Lagrangian

1 X X D E X
Lecp = > MnRZ + e =i+ Eprt[f ig;Rnl+ i (S i) (3)
n i ij

The Lagrange parameters j haveto be determined ead time step to maintain orthogonality
of the wavefunctions. The advantage of CP-MD over the standard ab initio MD approad is, that
the KS equations (Eq. 1) do not have to be solved accurately at every timestep in order to achieve
good energy consenation. Even though a smaller timestep must be chosenfor CP-MD in order
to be able to integrate also the wavefunction dynamics, a smaller numerical e ort is necessaryto
reach energy conserving dynamics [9]. This approach has originally beenintroduced and widely
usedin the context of a plane wave (PW) expansion of the single particle wavefunctions ; and
pseudomtentials to describe Ve in an ecient way [9]. One of us has recertly shown that this
approadc can also be usedin the context of the recertly establishedreal space(RS) methods [3],
where the wavefunctions ; and the density are discretized on a real spacegrid [10, 11]. The
advantage here is of coursethe locality of all operations allowing an e cien t and straight forward
parallelization, aswell asthe ability to choosethe boundary conditions for the wavefunctionsin a
much more exible way as opposedto PW methods, which are intrinsically periodic [2].

However, a major drawbadk of the RS method is the fact that the Hartree potential Ve can not
be calculated in an analytic fashion like in the Fourier spacerepresenation, which is usedin the
PW methods. Instead, an iterativ e solution of the Poissonequation on the numeric grid must be
employed. It should be pointed out, that the potential Vee acts directly asa force on the wavefunc-
tions within the CP-MD approad and must therefore be the exact derivativ e of the corresponding
energyterm E¢ with respectto the density in order not to violate energyconsenation. It wasfound
that this redetermination of the potential Ve at ead timestep represens the major computational
bottleneck of the approad.



3 Numerical solution of the Poisson equation

3.1 Discretization

In the current implementation the Poissonequation

r 2Vee = 4 (4)

is discretized with nite dierences (cf. [12], p.57) on a rectangular domain in 3D with meshsize
h. Besidesthe standard 7-point stencil for the Laplacian (cf. [13], p.71) that leadsto a discretiza-
tion error of order O(h?) (abbreviated as FD1 in the following) we use the so-calledMehrstellen-
discretization (cf. [13], p.xx) given by the stencil

22 32 32 33
1 0 1 0O 1 2 1 0 1 0O
h:@M 1 2 154 2 24 254 1 2 155 (5)
o 1 0 1 2 1, o 1 0 ,

that leadsto a discretization error of order O(h*) (abbreviated as MSD). For the Mehrstellen-
discretization we also have to changethe right hand side of the Poissonequation by the stencil

22 32 32 33
1 000 010 000
fh=1—44010541615401055: (6)
cooo0o, 010 00O,

After the discretization we have to solve the linear system

Antih = 4 (7)

3.2 Multigrid

One of the most e cien t iterativ e methods to solve the resulting sparselinear systemis Multigrid.
Its complexity is linear in the number of unknowns. A good intro duction but also someuseful hints
for the advanceduserof multigrid methods can be found in [13]. The multigrid e ciency is achieved
through the combination of a smoothing procedureon a ne grid that reducesthe high frequency
error componerts of the solution and a correction step that usesinformation from coarsergrids to
reducethe low frequency error componerts.

We have implemented both a lexical and a red-black Gauss-Seidelsmoother for the FD1 and
MSD operators and use linear interpolation |1} and its transpose, the full-weighting 1!, for re-
striction. The coarsegrid oeprator is a simple 7-point stencil for the Laplacian on all levels, even
if we have discretized it by the Mehrstellen-discretization on the nest level. In caseof the MSD
discretization on the nest level the interpolated correction from the second nest level is scaledby
a factor of 1.25. This was found to give the fastest corvergencerate for this mixed scheme (MSD
on the nest level and FD1 on the coarsergrids) by trial and error.

The above componerts are linked together to a V- or a W-Cycle. In the following we write e.g.
V(2,1) in order to indicate that we use 2 presmoothing stepsand 1 postsmaothing step on every
level in the V-Cycle.

4  -Extrap olation

Extrap olation is another possibility to improve the discretization error to order O(h#) that is less
cumputational expensive than the Mehrstellen-discretization. Standard extrapolation techniques
such as the Richardson Extrap olation can be used if there exist asymptotic expansionsof the
discretization error (cf. [14]). In this casethe solutions of di erent meshsizescan be combined to
eliminate the lower order terms.

In contrast to that -Extrap olation is a multigrid speci ¢ technique that works only on a single
grid (abbreviated as TAU). It is basedon the principle of defect correction and has been rst
mentioned by Brandt (cf. [15], seealso Hackbusch [16], pp.278).

In the CS(correction scheme)-Multigrid algorithm two di erent iterations are usedalternately,
the smoother and the coarsegrid correction (cf. [13]). Thesetwo iterations have a common xed



point described by 1, Apt, = 0 (cf. [17], p. 17f). As mentioned above the smoother cornverges
fast for certain (usually the high frequency) solution components, but cornvergesonly slowly for
the remaining (low frequency) modes. The coarsegrid correction behaves vice versa. If these
complemenary properties are combined the typical multigrid e ciency is obtained.

Now we follow the idea of double discretization , i.e. in the coarsegrid correction process
higher order discretizations are used. Using a correction of the form

a0t =yl 4 g (®)
where eﬂ‘) is computed as a coarsegrid correction

) = AR Ane) ; (©)

would lead to a standard multigrid method. -extrapolation consistsin using a linear combination
of ne and coarsegrid residual to construct an extrapolated correction

(k+1) 4 1
By = IRAGRE M A SR AW e) (10)

It can be shown that this modi cation of the coarsegrid correction leadsto a numerical error
of order O(h*) (cf. [18]). The modi ed coarsegrid correction is only applied on the nest grid once
per V-cycle. Additionally we have to take care when choosingthe restriction and the interpolation
operators. Normally trilinear interpolation for | [}, full weighting for pr'j and injection for | [ is
used, but this can vary from problem to problem. One has alsoto pay attention not do do too
many post smoothing steps and to choosethe right smoother, otherwise the higher accuracy can
be destroyed. A conciseanalysis of the -extrapolation is e.g. found in [18].

5 Results

5.1 Details of the Calculations

We have tested the di erent implemertations of the Poisson-Soler with a similar testcasealready
employed before in Ref. [10]. A nitrogen moleculeis positioned in a simulation box of 47x47x47
grid points (49x49x49points including boundary points) using a grid spacingof h = 0:3bohr, which
is sucient to describe the valence wave functions appropriately. Further details on the exact
implemenrtation of the energyfunctional and the pseudo-mtentials used(to e cien tly describe the
nuclei electron interactions) can be found in Ref. [10]. In cortrast to the previous work Gaussian
type compensation chargeswere employed to remove all the long range electrostatic interactions of
the atoms [19]. The Poissonequation is actually solved only for the deformation density given by
the full density minus the compensation charge. Thus, the potential of this deformation charge can
be taken to be zero at the boundary of the simulation domain. Electronic and nuclei degreesof
freedom are propagated with a secondorder Verlet propagator. In caseof optimizations a special
friction dynamics schemewas usedto minimize the energy

The point of interest is now the iterativ e calculation of Ve via a solution of Eq. (4). The
corresponding electrostatic self interaction of the electron cloud is calculated in our approac via a
simple trap ezoidal rule integration given by:

Eee = Ehs Vee (11)

Since the density is not known analytically but only on the discrete grid points there is also no
accurate analytic \reference solution". Thus, the quality of discretization must just be su cien t
to give a physically correct represenation of the Coulomb problem, which essetially meansits
discretization error must be comparableto the discretization errors for the integrals of the other
energy terms. For the CP-MD dynamics, however, the potential Ve is taken to be the exact
derivative @ ..=@ (as a partial derivative due to the discretization). Even for slight deviations
from this equality a deviation from energyconsenation can be obsened. It wasalready shownn that
energy consenation critically dependson the quality of the boundary conditions for Vee and on the
corvergence. It is important to note that due to the small timestep the changesin the density



Epet [ha] | Eee [ha] | HOMO [eV] | d(N-N) [A] |

FD1 | -19.905108| 0.100242 -10.422 1.0845
TAU | -19.906913| 0.099943 -10.440 1.0835
MSD | -19.909161| 0.099027 -10.469 1.0823

Table 1: Parametersof the optimized nitrogen moleculeusing di erent discretization strategiesfor
the Poissonequation.

and thus on Vg are only modest. Thus the problem to be tackled is a repeated reoptimization of
the potential Vee Starting from a very good inital guessfrom the previous timestep. In addition,

the initial solution can be improved further by a secondorder extrapolation from the previous
timesteps. As a stopping criterion for the Poissonsolver we tested whether the root mean square
residual (divided by the number of grid points) is below 10 °. In caseof the -extrapolation
the residual is meaninglessand we tested whether the resulting E.. changedby lessthen 10 8a.u.
betweenconsecutiwe V-cycles, which wastestedto give roughly equal convergence.For the multigrid

V-cyclesa V(4,1) strategy was usedthroughout with 4 grid levels. In the free dynamics simulations
atimestep of t= 5a.u. wasusedfor the propagation.

In order to assesghe saving in CPU time achieved by the MG solver in comparison to the
previously usedSOR solver with an overrelaxation parameter! = 1:7 we useda larger test systemof
8 silicon atoms optimizing the bond length in a cubic structure. Again a grid spacingof h = 0:3a:u:
was used and the box consistedof 71x71x71points (73x73x73including boundary valuesfor Vee).

5.2 Optimization of a Nitrogen Molecule

First we optimized both wavefunctions and nuclei of the nitrogen moleculeusing the three di erent
forms of discretization FD1, TAU and MSD in Eq. (7) in order to investigatethe e ect on physical
guantities of the solution. In Tab. 1 a selectionof the resulting parametersare given. The selfenergy
Eee diers by lessthen 1% for the di erent operators. The value resulting for the -extrapolation
lies as expected betweenthe onesfor FD1 and MSD. Note, that we actually calculate only the self
energy of the di erence betweenthe true valenceelectron density and the gaussiantype reference
density, wich leadsto rather small absolute values of E¢e. As a consequencdhe changesfor the
total energy are modest. Also the eigervalues of the highest occupied KS-Orbital (HOMO) are
nearly identical and also the equilibrium bond length only weekly depends on the quality of the
discretization of the Poissonequation. Howewver, MSD is of coursemore accurate for the price of a
higher numerical e ort. Thus, the TAU approach is without any doubt an improvemert over FD1
with a comparably small extra e ort necessaryfor the calculation of the -extrapolation (Eq. (10)).

5.3 Free Dynamics for a Nitrogen Molecule: Energy Conserv ation

Now we veri ed the quality of energyconsenation for the di erent discretizations. For this purpose
we rst optimized just the wavefunction at a constrained bond length of d(N-N) = 1 A. Then we
performed a free dynamic for 2000timesteps starting from this situation. In Fig. 1 both potential,

kinetic and consened energiesfor the example of FD1 are shown relative to the initial values. The
N2 molecule oscillates around its equilibrium bond length (seeTab. 1). The wavefunction moves
along with the nuclei and the energyis nicely consened. In Fig. 2 only the consened energiesfor
the three operators are comparedin a ner scale. Despite the small oscillations no signi cant drift

for none of the three casescan be obsened. However, FD1 and MSD show a very similar pattern,

whereasthe TAU extrapolation slightly diers. It should be noted, that both FD1 and MSD lead
to identical results for a given convergencethreshold irrespective of the type of the smoother or the
V-cycle chosen. In cortrast to that the results of the TAU extrapolation depend on the number of
post smoothing stepson the nest level. Interestingly we obsened a very important e ect when
using a lexical and not a red-black GS smoother in the V-cycle. The symmetry breaking intro duced
by the lexical GS smoother to someextent remainsin the nal solution of the TAU extrapolation,

which is not the casefor the non-symmetry breaking red-black smoother. In caseof FD1 and
MSD this doesnot make a di erence. Howewer, for the TAU extrapolation only with the red-black
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Figure 1: Energiesfor a free dynamics of a Nitrogen molecule (FD1). Energiesin atomic units
(Hartree) relative to the inital value.

GS energy conserving dynamics can be achieved, whereasfor the lexical GS a strong deviation is
obseerved as shown in Fig. 3.

5.4 Optimization of a Sig cluster: Numerical e ciency

In the rst step of the optimization there is no guessfor Vee and the Poissonsolver starts from zero.
Here the largest number of cycles are necessaryto reach corvergence. In the further processthe
changesin the density becomesmaller and smaller and lessstepsare necessaryto reac corvergence.
In Fig. 4 the convergencefor the rst stepis showvn comparing the SOR with the MG solver. It
should be noted that only the number of ne grid cycles(5 per V(4,1) cycle) are plotted in caseof
MG. Due to the overheadfor restriction, interpolation and the coarsegrid iterations the comparison
is not fair in terms of CPU time. In Tab. 2 the CPU time for the recalculation of Ve per stepon a
typical LINUX workstation is givenfor the rst step and asan averageover the whole optimization.
The timings clearly demonstrate the advantage of the MG schemeover SOR esyecially for the rst

=
=
>
S
()
c
()
o -
()
>
(]
S
= -
S — FD1
— TAU =
MSD .
T T U TR R BT B e e et R
1000 2000 3000 4000 5000 6000 7000 8000 9000 1000C

time [a.u.]

Figure 2: Consened energiesfor the di erent operators (red-black smoother) relative to the initial
value.
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Figure 4: Convergenceof the rms residual in the rst step of the optimization for SOR vs. MG

step. Howewer, also during the whole optimization the MG sdeme corvergesfaster than SOR.
Interestingly, the MSD scheme (with the FD1 operator on the coarsergrid levels) convergeswith
less V-cycles as comparedto FD1. As a consequnce,despite the larger numerical e ort for the
Mehrstellen-discretization, MSD performs best.

6 Conclusions

The MG schemeis found to substartially improve the cornvergencespeed of a Poissonsolver used
within a recertly developed Car-Parrinello real-spaceelectronic structure code. This holds despite
the fact that a frequert redetermination of the solution for a slightly changedright hand side hasto
be performed. All implemerted strategieswere proven to yield energy conservingab initio molecu-
lar dynamics. Interestingly, for the -extrapolation this was, however, only the caseif a red-black

| | | SOR (MSD) | MG (MSD) | MG (FD1) |
1. Step | CPU time [s] 21.9 2.28 2.38
Average | CPU time [s] 3.37 0.644 0.750

Table 2: CPU time for the solution of the Poissonproblem in the optimization of the Sig system.



GS solver was employed, whereasa lexical solver led to a large deterioration of the energy conser-
vation. Concerning the discretization accuracy the -extrapolation was found to lie betweenthe
Mehrstellen-discretization and the standard nite di erence 7-point stencil. The e ect on structural
properties and electronic properties of an optimized nitrogen molecule are, however, modest. In
caseof the MSD scheme, the nite dierence stencil was used for the coarsegrid iterations and
the nest grid correction was scaledby a factor of 1:25 leading to the fastest convergenceof this
startegy in terms of the number of V-cycles. Alltogether, this combined approad was therefore
most acccurate and fastest in terms of CPU time. It represerts a signi cant improvemert in the
code in comparisonwith the previously used SOR solver.
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